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Abstract

In this paper we study the existence of solutions for impulsive differ-
ential equations with state dependent delay. Our results are based on
the Leray—Schauder nonlinear alternative and Burton—Kirk fixed point
theorem for the sum of two operators.
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1 Introduction

This paper deals with the existence of solutions to the initial value problems
(IVP for short) for the impulsive differential equations of the form,

y'(t) = f(t,yp(t’yt)), ae teJ=1[0,b], t#tr, k=1,...,m, (1)
Ay|t:tk :Ik(y(t;))’ k= L...,m, (2)
y(t) = é(t), te (—o0,0], (3)
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where f: J x B = R, p: J x B =+ R, ¢ € B are given functions, I;: R — R,
k = 1,...,m are continuous functions, 0 = tg < t; < ... < tp, < typy1 = b,
Ayle—r, = y(t)) —y(ty),

y(ty) = lim y(tx+h) and y(t) = lim y(t,+h)

represent the right and left hand limits of y(¢t) at ¢ = tx, k = 1,...,m, and B
is an abstract phase space, to be specified later. For any function y and any
t € [0,b], we denote by y; the element of B defined by y:(0) = y(t + 6) for
0 € (—o0,0]. We assume that the histories y; belong to B.

Impulsive differential equations appear frequently in applications because
many evolutionary process from fields as physics, aeronautic, economics, engi-
neering, populations dynamics, etc. In this way they makes changes of states
at certain moments of time. Such changes can be reasonably well approximated
as being instantaneous changes of this state which we will represented by im-
pulses in our work and then these processes are modeled by impulsive differential
equations and for this reason the study of this type of equations has received
great attention in the last years. There has a significant development in impul-
sive theory especially in the area of impulsive differential equations with fixed
moments; see for instance the monographs by Bainov and Simeonov [7], Ben-
chohra et al. [8], Lakshmikantham et al. [23], and Samoilenko and Perestyuk
[27]. Other works for impulsive differential equations with state dependent de-
lay are [1, 6, 20]. On other hand, there exists a extensive literature devoted
to the case where the impulses are absent (i.e. Iy = 0, k = 1,...,m), see for
instance [2, 3, 4, 5, 10, 11, 12, 14, 15, 16, 17, 18, 21, 22, 23, 24, 25, 28, 29].

The study of partial differential equations with state dependent delay have
been initiated recently, and concerning this matter we cite the pioneer works
Rezounenko et al. [26].

This paper is organized as follows: in Section 2, we will recall briefly some
basic definitions and preliminary facts which will be used throughout the fol-
lowing sections. In Section 3 we give two results, the first one is based on
Leray—Schauder’s alternative and the second one is based on a fixed point theo-
rem of Burton and Kirk [9] for the sum of a contraction map and a completely
continuous map. Finally in Section 4 we give an example to illustrate the theory
presented in the previous sections.

2 Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which
are used throughout this paper. By C(J,R) we denote the Banach space of all
continuous functions from J into R with the norm

lylloo == sup{ly(t)[: t € J}.
For ¢ € B the norm of v is defined by
[¥]ls = sup{|1(8)[: 6 € (—o0,0]}.
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L'(J,R) denotes the Banach space of measurable functions y: J — R which
are Lebesgue integrable normed by

b
Iyl = / ly(®)]dt.

AC([a,b],R) denotes the space of absolutely continuous functions y: [a,b] — R.

(A1) Ify: (—o0,b) = R,b>0,y0 € B,and y(¢,) and y(t)), k=1,...,m exist
with y(t,) = y(tx), k = 1,...,m then for every ¢t € [0,b) the following
conditions hold:

(i) ye € B;
(ii) There exists a positive constant H such that |y(¢)| < H||lye||5 ;

(iii) There exist two functions K (-), M(-): Ry — R, independent of y,
with K continuous and M locally bounded such that:

lyells < K(8) sup{ [y(s)]: 0 <'s <t} + M(8)][yolls-

(A2) The space B is complete.

Denote

K, =sup{K(t): t € [0,0]}
and

My, = sup{M(t): ¢t € [0,0]}.

3 Existence of solutions
Consider the following space
PC(J,R) = {y: [0,b] = R: y is continuous at ¢t # t, y(t, ) = y(tx)
and y(t;) exists, for all k =1, .. .,m}
PC(J,R) is a Banach space with norm
lyllpe = suply ().

Set
By = {y: (—00,b] = R: y|(—so,0) € B, yls € PC(J,R)},
and let ||.||p the seminorm in B defined by
lylle = llvolls + sup{|y(t)|: 0 <t < b}, y € By.

Set
J = J\{t1,ta, ..t}

We define a solution to the problem (1)—(3) as follows:
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Definition 3.1 A function y € By is called a solution for (1)—(3) if y satisfies

(1)-(3).
We have the following result which is useful in what follows.

Lemma 3.1 Let h: J — R be continuous. A function y is a solution of the
integral equation

B(t) if t € (—00,0],
y(t) = . - . (4)
D(0) + fo h(s)ds + 2oy, <o Ie(y(t)),  if t€(0,0],

if and only if y is a solution of the fractional IVP

y'(t) = h(t), for each, t € J', (5)
Ay|t:tk :Ik(y(t];))v k=1,...,m, (6)
y(0) = wo. (7)

We will need to introduce the following hypotheses

(H¢) The function ¢ — ¢, is continuous from

R(p™) =A{p(s,0): (s;) € J x B, p(s, p) < 0}

into B and there exists a continuous and bounded function L?: R(p~) —
(0, 00) such that ||¢¢||s < L?(t)||¢||s for every t € R(p™).

(H1) The function f: J x B — R is of Carathéodory’s type;

(H2) There exist p € L'(J,Ry) and v: [0,00) — (0, 00) continuous and nonde-
creasing such that

[t u)| < pt)Y(||u||g) for each ¢t € J and all u € B.

(H3) The functions Iy, k = 1,...,m are continuous and there exists v : [0, 00) —
(0, 00) continuous and nondecreasing such that

[T (w)] < 41 (Ju|) for each u € R.

(H4) There is a constant M > 0 such that

M
>1
Ky (M) [y p(s)ds + mapr (M) + My 8|5 + Kb|6(0))]

The next result is a consequence of the phase space axioms.
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Lemma 3.2 ([19, Lemma 2.1]) Ify: (—o0,b] — R is a function such that yo = ¢
and y|y € PC(J,R), then

lyslls < (My + L) 6]l5 + Ky sup{[|y(O)]; 6 € [0, max{0,s}]}, s € R(p™)UJ,

where
L? = sup L°(t).
tER(p™)

Remark 3.1 We remark that condition (Hy) is satisfied by functions which are
continuous and bounded. In fact, if the space B satisfies axiom C5 in [21] then
there exists a constant L > 0 such that ||¢||z < Lsup{||¢(8)|: 6 € [—o0,0]}
for every ¢ € B that is continuous and bounded (see [21] Proposition 7.1.1) for
details. Consequently,

supg<o [[(0)]l
[allis

Theorem 3.1 Assume that the hypotheses (H1)-(H3) and (Hg) hold. Then
the problem (1)-(3) has at least one solution on (—oo,b].

l¢tlls < L l¢lls, for every ¢ € B\{0}.

Proof The proof will be given in several steps.
Define the operator N: B, — By by:

{ o(t), if t € (—o0,0],
N(y)(t) =

L 00) + S £ Ypsn) ds + Sgcn o Ily(ty ), it t € (0,8]. o
8

Let 2(.): (—00,b] — R be the function defined by

o(t), ifte (—o0,0],
x@)—{ .
$(0), ift e (0,b].

Then xy = ¢. For each z € By with zy = 0, we denote by Z the function defined
by

0,  ifte(—o0,0],
{ z(t), ifte(0,b].

If y(-) satisfies the integral equation
t
o(0) =00+ [ Fsppean)ds+ 3 L),
0 0<tip<t

we can decompose y(.) into y(t) = Z(¢) + z(t), 0 < t < b, which implies y; =
Zt + ¢, for every ¢ € [0, b], and the function z(-) satisfies

t
Z<t) = A f(S’zp(S,Eﬁxs) + xp(S,EsnLrs)) ds + Z Ik<z(tl;) + x@;))

0<tp<t
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Set
C={z¢€By: zp=0}.

Let ||.]lo be the norm in C defined by
[2ll0 = llzoll5 + supflz(s)[: 0 < s < b} = sup{|z(s)[: 0 < s < b}.
We define the operator P: C — C by
t
P(Z)(t) = ~/O f(svzp(S,Eers) + xp(S,Eﬁxs)) ds + Z Ik('z(tlZ) + x(t;))
0<ty <t

Obviously the operator N has a fixed point is equivalent to P has one, so we
need to prove that P has a fixed point. We shall use the nonlinear alternative
of Leray—Schauder type [13].

Step 1: P is continuous
Let {z,} be a sequence such that z, — z in C. Then

t
P(za)(t) — P(2)(1)] < / (5 Zrp(ormmpmy + ooz tn))

- f(sazp(s,ESquS) + wp(s,fswLxs))' ds

+ > Mlen(ty) + () = Te(=(t;,) + 6(0)]-
o<ty <t
Since I, k =1,...,m are continous and f is a Carathéodory function, we have

by the Lebesgue dominated convergence theorem

|1P(zn) — P(2)]Jo = 0 as n — oo.

Step 2: P maps bounded sets into bounded sets in C.

Indeed, it is enough to show that for any n > 0, there exists a positive
constant ¢ such that for each z € B, = {z € C: ||z]jo < n}, by (H2) we have for
each t € [0,],

I1PE)O)] <

( )t
S/O 1 (8. Zptsz020) + Tpts zutran)ds + D [(2(t;) + 6(0))]

0<trp<t
< / P Z ooz 0y + Tp(om,rony ) ds + maps (n + $(0))

i p(s)ds +map1(n + #(0))

/b
f

< Y(Kpn + Kp|p(0)] + My||9]5))

IN

YKy + Ko|p(0)] + My|[6]5)) [ p(s)ds +mipi(n + $(0))

=1
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Step 3: N maps bounded sets into equicontinuous sets of Cy.
Let l1,12 € [0,b], 11 < lo, let B,, a bounded set of C' as in Claim 2, and let
z € By. Then,

[P(2)(l2) = P(2)(l)] <

l2
< [Tz e F ez ds Y () + 9(0)

b 0<tr<la—Il1

l2
< / 652 Zptamstany + Enemrm)lds+ 3 a(2(6) + 6(0))|

h 0<tp<la—ly
l2
< Y(Kpn + Kp|p(0)] +Mb|\¢||5))/ ps)ds+ > i(lz(ty) + 6(0))].
b 0<tp<la—l1

As Iy — lg, the right-hand side of the above inequality tends to zero. As a
consequence of Claims 1 to 3 together with the Arzeld—Ascoli theorem, we can
conclude that P is continuous and completely continuous.

Step 4: A priori bounds.
Let z be a possible solution of the equation z = AP(z) for some A € (0,1).
Then for each ¢ € [0, b], we have

t
IZ(t)IS/0 PVIZps,2, 400) + To(sz ot lB)ds + Y Gr(l2(t;) + 6(0))]-

o<ty <t

But

B

Hzp(S,Eers) + CCp(S,Evaocs)”B < Hzp(S,Eers) B+ ||$p(8,55+r5)
< K(t)sup{[z(s)]: 0 < s <t} + M (1|20l
+ K(t) sup{|z(s)]: 0 < s <t} + M(t)||zolls

< Kpsup{|z(s)]: 0 < s < t} + My||9|l5 + Kp|p(0)].

2(1)] < / PO (Zpe 00 + oz an ) 5+ O;Nwlaz(t;) +6(0)
< / Py supl2()]: 0< 5 < 1} + Myllolls + Kolo(0)])ds + mai ().
thus
Kl=(s)| + Mylls + Kalé(0)

< K, / P(s)b(Ky sup {|2(s)]) + Mllolls + K|(0)]) ds

0<s<t

+ my1 (u(t)) + Mol|dlls + Kb|o(0)].
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We consider the function p defined by
p(t) = sup{Kp|2(s)| + M4l 5 + Kb|p(0)]: 0 <s <1}, 0<t<D.
t* € [0,t] be such that
pu(t) = Kyl 2(t")[ + Mool s + Kb|$(0)].

By the previous inequality we have for ¢ € [0, b]
t
H(0) < Ky [ ps)o(u(s))ds + mia(u(6) + Myl + 3] (O).
0

Thus

Il <1 (9
Kuto([lullo) fy p(s)ds +mapr(lullo) + Ma 6]l + Kalo(0)] —

From (9) and (H4) we have

lwllo # M.

Set
U={yeC:|yllo< M+1}.

From the choice of U, there is no y € 90U such that y = AP(y) for some
A € [0,1]. The nonlinear alternative of Leray—Schauder type implies that P has
a fixed point, hence N has a fixed point which is a solution of problem (1)—(3).

O

Our main result in this section is based upon the following fixed point the-
orem due to Burton and Kirk [9)].

Theorem 3.2 Let X be a Banach space, and A, D: X — X two operators
satisfying:

(i) A is a contraction, and
(i) D is completely continuous.
Then either
(a) the operator equation y = A(y) + D(y) has a solution, or
(b) the set
e={uex: 2 (%) +AD(w) = u}
is unbounded for A € (0,1).

Set
R(p™) ={p(s,9): (s,0) € J x B, p(s,p) < 0}.
We always assume that p: I x B — (—o00,b] is continuous. Additionally, we
introduce following hypotheses:
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Kbde <1 and de <1
k=1 k=1
such that
[T (y) — I () | < dk|ly — z||g, for each y,x € B
0o du /b
—— >y p(s)ds, (10)
C1 (U) 0
where .
Ky 3 [1e(0)| + Ms|| 9|5 + Kb|9(0)]
k=1
€= o (11)
1- K, S dy
k=1
and %
= —— (12)
1- Ky S di
k=1

Theorem 3.3 Assume that (H¢), (H1), (H2) and (H5) hold. Then the problem
(1)-(3) has at least one solution on (—o0,b].

Proof Transform the problem (1)—(3) into a fixed point problem. Consider
the operator NV defined in the proof of Theorem 3.1. Let

BY) = {x € By: 2o =0 € B}.
For any = € B} we have
[zlly = [[zolls + sup{|z(s)[: 0 < s < b} = sup{la(s)]: 0 <5 <b}.

Thus (B}, || -||») is a Banach space. and define the operators A, D: BY — By by:

t
D(Z)(t) = / f (szp(s,zs—i-ms) + Zp(s,Zs—i-ms)) dS, teJ (13)
0
and
AR B = S L) +a(te), te . (14)
0<tp<t

Obviously the operator N has a fixed point is equivalent to A+ D has one, so it
turns to prove that A + D has a fixed point. We shall show that the operators
A and D satisfies all the conditions of Theorem 3.2. For better readability, we
break the proof into a sequence of steps.
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Step 1: D is continuous.

Let {z,} be a sequence such that z, — 2z in B. At first, we study the
convergence of the sequences (27, _.)nen, s € J. If s € J is such that p(s, z;) >
0 for every n > N. In the case, for n > N we sce that

Zp(s,20) 1B

125s,2m) = Zo(s.z) 1B < 1250620y = Zos.27)
< KbHZn - ZHB + Hzp(s,z;‘) - Zp(s,zs)HBa

which prove that Z;L(S an) T Tp(sz,) in B as n — oo for every s € J such that
p(s,zs) > 0. Similarly, if p(s,zs) < 0 and n € N is such that p(s,z}) < 0 for
every n > N, we get

125(s,2n) = Zp(s,2) 1B = | Dp(s,2n) — Pp(s,20) I8 =10

which also shows that 2" p(s,2m) 7 Zp(s.zs) in B asn — oo for every s € J such that
p(s,zs) < 0. Combining the previous arguments, we can prove that zp(m?) — ¢
for every s € J such that p(s, z5) = 0. Finally,

ID(2n)(t) — D(2) ()]

t
/0 [f(s, Zg(s,zg-',-ms) + xp(s,z;‘-i-ws)) — f(s, Zp(s,z204ws) T xp(s,zs-&-zs))] ds
/t

/ ’f 83 Zp(s,entas) T Lp(s,zptas)) = F (8 Zp(s,2042,) +xp(s,z:+ws))‘ ds

IN

F(8: 205 am ) + Tp(s,zn4a0) = (8, 2p(s 204a0) + %(s,zs+zs>)‘ ds

+ / |f(sa Zp(s,z;‘+xs) + xp(s,z;"+xs)) - f(svzp(s,z5+xs) + xp(s,z5+zs))| ds.

We infer that f(s,z 2 SZn)) — f(8,2p(s,2,)) as n — oo, for every s € J. An

application of the Lebesgue dominated convergence theorem implies that
I1D(zn) — D(2)|lp — 0 as n — co.

Thus D is continuous.

Step 2: D maps bounded sets into bounded sets in By.

It is enough to show that for any 7 > 0 there exists a positive constant [ such
that for each z € B, = {z € By: ||z|s < n} we have ||D (y)||, < I. So choose
z € By, then from Lemma 3.2 it follows that

5 < Kon+ M5 + Kp|(0)] = rs.

Hzp(s,zsﬂcs) T Zp(s,zs+5)

Then we have for each t € J

t
t)| - ‘/0 f(s, Zp(s,25+Ts) + IP(Sst‘*‘ws))dS

b
SA p(s)w(HZp(S,zsnLrs)+xp(5,zs+xs)”5)-



Impulsive functional differential equations with state-dependent delay 15

Then we have

b
D) < () /0 p(s)ds = 1.

Step 3: D maps bounded sets into equicontinuous sets of BY).
We consider B, as in Step 2 and let 11,0l € J\ {t1,...,tn}, li <l

D(2)(l2) = D(2)(l)]

l2
< (r) / p(s) ds

U1

l2
< ’ ~/l f(sa Zp(s,zstas) T xp(S,zvaxs)) ds

As 11 — 79, the right-hand side of the above inequality tends to zero. As
a consequence of Steps 1 to 3 together with the Arzeld—Ascoli theorem, we can
conclude that D is continuous and completely continuous.

Step 4: A is a contraction.
Let 21,20 € Bg. Then fort € J

A () = A(z2) (O] = | Y Te(za(te) + @(te) = Tu(z2(t) + 2 (i)

0<ty <t

< Z di|z1 (k) — z2(tk)|.

k=1

Then

[A(z1) — A(z2)lp < (Z dk) 21 — 22y -

k=1

Hence A is a contraction.

Step 5: A priori bounds.
Now it remains to show that the set

Ez{zeBgzz:A’D(z)+)\.A(§) forsome0<)\<1}

is bounded.
Let z € €, then z = A\D(z) + A\ A (;) for some 0 < A < 1. Thus, for each

teld,

¢ z(t
Z(t) = )\/ f<872p(8,25+z5) + ‘/L.p(s,55+ms)) dS + )\ Z Ik ( ()\k) -+ :L'(tk)) .
0

0<tp<t
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This implies by (H2), (H5) that, for each ¢ € J, we have

t
2] <X [ D0 UEpst o)+t ) s

>1k ’+)\Z|Ik
< / p(s)t (Kysup{|=(s)]: 0 < s < ) + Myllé]ls + Kol6(0)]) ds

+>\Z|Ik |+>\de< 0)).

Thus

Klz(s)[ + Mol ¢l 5 + Kp|¢(0))]
t

< Kb/p(S)w (Kpsup{[z(s)[: 0 <5 <t} + Myl9l5 + Kp|6(0)]) ds
0

A |+mzd( +6(0)) + Milllls + Kolo(O)].

k=1

We consider the function p defined by
p(t) = sup{Ky|2(s)[ + Mp|[¢lls + Kp|¢(0)|: 0 <'s <}, 0 <t <D
Let t* € [0, t] be such that

pu(t) = Kp|z(t")] + Mo[|6l[ 8 + Kb|9(0)].
By the previous inequality we have for ¢ € [0, ]
t
ult) < K, / pls)b () ds
0
+ sz |1:(0)] + szdk )+ Mp|8]|5 + Kbl6(0)]- (15)

Therefore

(1= Ko > du(t) < Ky [ pls)ln(s) ds + 55 3 |10
k=1

k=1
+ M9l + Kp|p(0)]-
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Thus
t

ult) < 1 + e / p(s)(u(s)) ds. (16)

0
Let us take the right hand-side of (16) as v(¢). Then we have

p(t) <o(t) forallteJ,

v(0) = ¢y,

and
V' (t) = cop(t)p(u(t)), a.e.t € J.

Using the nondecreasing character of v we get

V'(t) < cop(t)(v(t)), a.e. te,

that is
—— = < cop(t), ae. ted

Integrating from 0 to ¢ we get

/ot wl(};}(zg))) ds < e /Otp (s) ds.

By a change of variable and (10) we get

vy b < du
/vw) W S/ Pds< | T

Hence there exists a constant N such that

w(t) <o) <N forallte
Now from the definition of p it follows that
|z]lp < N* forallx € €.

This shows that the set £ is bounded. As a consequence of Theorem 3.2 we
deduce that A + D has a fixed point which is a solution of (1)—(3). O

4 An Example

To apply our results, we consider the functional differential equation with state
dependent delay of the form

y'(t) = pMdly(t — o(y(t)), te[0,0], (17)

y(t) = ¢(t)’ te (_0070]7 (18)
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mm»=/i%w—@maw, (19)

— 00

where v; € C([0,00),R), 0 € C(R,[0,00)), 0 < t1 < ta < ... < t,, < b,
p:[0,0] - RT, a: R — R, and we assume the existence of positive constants by,
by such that |b(t)| < by|t| + ba for every ¢ € R.

Set v > 0. For the phase space, we choose B to be defined by

B=PC" ={¢ e PC((—,0],R): , lim e $(0) exists}

with the norm

18]y =, s e o(0)|, ¢ € PCY.

€(—o00,0
Set,
p(t,p) =t —a(p(0)), (t,p) € JxDB,
f(t. ) =p(t)b(p(0)), (t,¢) € J x B,

ti
B(e) = [t = s)uts) ds
We can represent system (17)—(19) by the Cauchy problem (1)—(3). It is clear
that (H1) and (H2) are satisfied with

|f(t, @)l < p(t)[brlllls + bo]  for all (t,¢) € I x B.

Theorem 4.1 Let ¢ € B be such that H, is valid and t — ¢ is continuous on
R(p~). Then there exists a solution of (17)—-(19).

Acknowledgements: The authors are grateful to the referees for their re-
marks.
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