
Acta Univ. Palacki. Olomuc., Fac. rer. nat.,
Mathematica 52, 1 (2013) 49–55

The Rings Which Can Be Recovered
by Means of the Difference*

Ivan CHAJDAa, Filip ŠVRČEKb
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Abstract

It is well known that to every Boolean ringR can be assigned a Boolean
algebra B whose operations are term operations of R. Then a symmetric
difference of B together with the meet operation recover the original ring
operations of R. The aim of this paper is to show for what a ring R a
similar construction is possible. Of course, we do not construct a Boolean
algebra but only so-called lattice-like structure which was introduced and
treated by the authors in a previous paper. In particular, we reached in-
teresting results if the characteristic of the ring R is either an odd natural
number or a power of 2.
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Having a Boolean ringR = (R; +, ·, 0, 1) the induced Boolean algebra B(R) =
(R;∨,∧, ′, 0, 1) can be established by

x ∨ y = x+ y + xy, x ∧ y = xy, x′ = 1 + x,

see [1]. Also conversely, having a Boolean algebra B = (B;∨,∧, ′, 0, 1) we can
define the so-called symmetric difference x + y = (x ∧ y′) ∨ (x′ ∧ y) and, using
this, the induced Boolean ring R(B) = (B; +, ·, 0, 1) can be recovered as follows:

• x+ y in R(B) is equal to the symmetrical difference of B;

• x · y in R(B) is equal to the meet operation ∧ of B.
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It was already shown by several authors that a similar construction can be
derived also for orthomodular lattices (see [6, 7, 8, 9, 10, 11, 12]), for ortholattices
(see [2, 3]), or for pseudocomplemented semilattices, [4]. The construction was
generalized for bounded lattices with an antitone involution in [12]. However,
the ring-like structures induced by these lattices are rather far from rings.

Hence, we involved another approach in [5] in order to establish a certain
lattice-like structure to a given ring such that the original ring can be recovered
by means of the difference. Of course, this is not possible for every ring but
it appeared in [5] that the construction works for commutative unitary rings
of characteristic 2 satisfying the identity xp+2 = xp for a natural number p
(if p = 1, then the ring is Boolean and the assigned lattice-like structure is a
Boolean algebra).

The aim of this paper is to extend this approach to a broader class of rings
which contains some rings of residue classes and rings of characteristic different
from 2.

All the rings considered in the paper are commutative (i.e. satisfying the
identity x · y = y · x) and unitary (i.e. having an element 1 with x · 1 = x).

Let p be a given natural number and R = (R; +, ·, 0, 1) a ring. Let us agree
in the following notation:

• x′ = 1 + x;

• x∗ = 1− x;

• x ∧ y = x · y;

• x ∨ y = x+ y + xp · yp.

The induced algebra L(R) = (R;∨,∧, ′, ∗, 0, 1) will be referred to as a lattice-
like structure induced by R and the term operation

• x⊕ y = (x ∧ y′) ∨ (x∗ ∧ y)
as a difference. We will not use the name symmetric difference because x ⊕ y
need not be equal to y⊕x in general. However, if R is recovered by the induced
lattice-like structure, i.e. x + y = x ⊕ y, then x ⊕ y = y ⊕ x, and hence it is
symmetric.

In contrast to [5], we are not interested in the properties of the induced
lattice-like structure L(R) but only in the case when R can be recovered from
L(R) by means of the difference ⊕ (since the second operation “·” coincides
with “∧” of L(R)). In other words, we search for rings where x+ y = x⊕ y. To
show that this is possible also for rings which are not Boolean, let us give the
following.

Example 1 Let R = ({0, 1, 2, 3},+, ·) be a ring whose operations are deter-
mined by the tables

+ 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0

· 0 1 2 3
0 0 0 0 0
1 0 1 2 3
2 0 2 0 2
3 0 3 2 1



The rings which can be recovered by means of the difference 51

It is immediate that R is commutative, unitary and of characteristic 2. It
satisfies the identity x4 = x2 since 04 = 0 = 02, 14 = 1 = 12, 24 = 0 = 22 and
34 = 1 = 32. Moreover, due to the foregoing definitions,

x⊕ y = (x ∧ y′) ∨ (x∗ ∧ y) = x+ y

but R is not Boolean, because e.g. 22 = 0 �= 2. Let us note that this ring R is
isomorphic to the polynomial ring Z2[x]/(x

2), where (x2) is the principal ideal
of Z2[x] generated by x2.

Now, we are focused on the rings of residue classes Zp.

Theorem 2 Let Zp be the ring of residue classes modulo p with p = 2k for
some k ∈ N. Then x + y = x ⊕ y, i.e. Zp can be recovered from the induced
lattice-like structure.

Proof Since x′ = 1 + x, x∗ = 1− x, x ∧ y = x · y and x ∨ y = x+ y + xp · yp,
we get

x⊕ y = (x ∧ y′) ∨ (x∗ ∧ y)
= x · (1 + y) + (1− x) · y + xp · (1 + y)p · (1− x)p · yp
= x+ x · y + y − x · y + (xp · (1 − x)p) · (yp · (1 + y)p)

= x+ y + (x · (1− x))p · (y · (1 + y))p

However, for every y ∈ Zp we have that y · (1 + y) is an even number (mod p),
e.g. y · (1 + y) = 2a. Since p = 2k, we have 2k ≡ 0 mod p. Thus

(y · (1 + y))p = (2a)p = 2p · ap = 2k · 22k−k · ap ≡ 0 · 22k−k · ap ≡ 0 mod p

where we used the fact that k < 2k for every k ∈ N. Hence

(x · (1− x))p · (y · (1 + y))p = 0

for every x, y ∈ Zp which implies x+ y = x⊕ y. �

If p �= 2k for some k ∈ N, then the addition in Zp need not be equal to the
difference, see the following.

Example 3 Consider the ring Z3 of residue classes modulo 3. For x = 2 we
have (x · (1 − x))3 = (2 · 2)3 = 13 = 1 and for y = 1 we have (y · (1 + y))3 =
(1 · 2)3 = 23 = 2. Together we get (x · (1− x))p · (y · (1 + y))p = 1 · 2 = 2 �= 0.

The result of Example 3 can be extended for each ring of an odd character-
istic.

Theorem 4 Let p be an odd natural number and R = (R; +, ·, 0, 1) a ring of
characteristic p. Then x⊕ y �= x+ y.
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Proof Assume that p is an odd natural number and let char(R) = p. Take
x = −1 and y = 1. Since p is odd, we have −1 �= 1. Then for

x⊕ y = x+ y + (x · (1− x))p · (y · (1 + y))p

we have (x · (1− x))p · (y · (1 + y))p = −4p �= 0, thus x⊕ y �= x+ y. �

On the contrary, if the characteristic of R is equal to 2, then we can easily
characterize rings for which x⊕ y = x+ y.

Remark 5 Let us note that if R is of characteristic 2, then

x′ = 1 + x = 1− x = x∗,

thus ⊕ is defined formally in the same way as for Boolean rings.

Theorem 6 Let p = 2k for some k ∈ N and R = (R; +, ·, 0, 1) be a ring of
characteristic 2. Then x⊕ y = x+ y if and only if R satisfies the identity(

x2p + xp
) (
y2p + yp

)
= 0.

Proof Since char(R) = 2, we get −x = x for each x ∈ R. Thus

x⊕ y = x+ y + (x · (1 + x))p · (y · (1 + y))p.

Moreover, p = 2k, which implies (1 + x)p = 1+ xp. Altogether, x⊕ y = x+ y if
and only if

xp(1 + xp)yp(1 + yp) = 0

in R which is if and only if (x2p + xp)(y2p + yp) = 0 in R. �

Remark 7 If R = (R; +, ·, 0, 1) is of characteristic 2 and p = 2k, then the
identity

xp(1 + x)p = x2p + xp = 0,

i.e. x2p = xp, yields the identity of Theorem 6. It is a question if the identity of
Theorem 6 can be replaced by this simplier one. The following example shows
that this is not possible.

Example 8 Let R = ({0, 1, . . . , 31},+, ·) be a ring whose operations are deter-
mined by the tables 1 and 2. This ring is of characteristic 2, clearly, it is not
Boolean, moreover, it satifies the identity(

x8 + x4
) (
y8 + y4

)
= 0,

but x8 = x4 does not hold in R because e.g. 28 = 0 �= 16 = 24.
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