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Abstract

In the present paper, we establish a common fixed point theorem for
four self-mappings of a complete 2-metric space using the weak commu-
tativity condition and A-contraction type condition and then extend the
theorem for a class of mappings.
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1 Introduction

In 1981, D. Delbosco [4] gave an unified approach for different contractive map-
pings to prove the fixed point theorem by considering the set F of all continuous
functions g: [0, +00)® — [0, 00) satisfying the following conditions:

(g-1): g(1,1,1)=h <1

(g-2): if w,v € [0,00) are such that u < g(v,v,u) or, u < g(v,u,v) or,
u < g (u,v,v); then u < ho.

Recently Akram et al. [1] have modified the above concept slightly and intro-
duced a general class of contractions called A-contraction which is a proper
superclass of Kannan’s contraction [8], Bianchini’s contraction [2] and Reich’s
contraction [11].
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1.1 A-contraction
Let a nonempty set A consisting of all functions «: Ri — R, satisfying

(i) a is continuous on the set R% of all triplets of nonnegative reals(with
respect to the Euclidean metric on R?).

(ii) a < kb for some k € [0,1) whenever a < a(a,b,b) or a < a(b,a,b) or
a < a(b,b,a), for all a,b.

Definition 1.1 A self map T on a metric space X is said to be A-contraction
if it satisfies the condition:

d(Tz,Ty) < a(d(z,y),d(z,Tz),d(y,Ty)) (1.1)
for all z,y € X and some a € A.

Here we prove a common fixed point theorem for two pairs of weakly commuting
mappings using the idea of A-contraction and then extend the theorem for a
family of self-mappings in a 2-metric space. Before proving our main theorem
we need to state some preliminary ideas and definitions of weakly commuting
mappings in a 2-metric space.

2 Preliminaries

In sixties, S. Gahler ([6]-[7]) introduced the concept of 2-metric space. Since
then a number of mathematician have been investigating the different aspects
of fixed point theory in the setting of 2-metric space.

2.1 2-metric space

Let X be a non empty set. A real valued nonnegative function d on X x X x X
is said to be a 2-metric on X if

(I) given distinct elements xz,y of X, there exists an element z of X such that
d(z,y,2) #0
(II) d(x,y,z) = 0 when at least two of z,y, z are equal,
(IIT) d(x,y,z) =d(z, z,y) = d(y, z,z) for all z,y,z in X, and
(IV) d(z,y,2) < d(z,y,w) + d(z,w, z) + d(w, y, z) for all z,y,z,w in X.

When d is a 2-metric on X, then the ordered pair (X,d) is called a 2-metric
space.

A sequence {z,,} in X is said to be a Cauchy sequence if for each u € X,
lim d(zy,, m,u) = 0 as n,m — oo.

A sequence {z,,} in X is convergent to an element z € X if for each u € X
lim,, 00 d(xp, z,u) =0

A complete 2-metric space is one in which every Cauchy sequence in X
converges to an element of X.
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In 1984, M. D. Khan [9] in his doctoral thesis, defined weakly commuting
mappings in a 2-metric space as follows.

Definition 2.1 Let S and T be two mappings from a 2-metric space (X, d) into
itself. Then a pair of mappings (5,T) is said to be weakly commuting on z, if
d(STz, TSz,u) < d(Tz,Sz,u) for all u € X.

Note that a commuting pair (S, T) on a 2-metric space (X, d) is weakly commut-
ing, but the converse is not true (see [10]). On the otherhand Cho—Khan—Singh
[3] have proved some common fixed point theorems for weakly commuting self-
mappings in a 2-metric space. Here we shall prove some common fixed point
theorems in 2-metric space in a more generalised conditions.

3 Main results

Theorem 3.1 Let I, J, S and T be four self mappings of a complete 2-metric
space (X, d) satisfying

I(X)CcT(X) and J(X)CS(X). (3.1)
For a € A and for all x,y,u € X
A(Ix, Jy,u) < o (d(Sz, Ty, u), d(Sz, Te,u), d(Ty, Jy,u)) . (3.2)

If one of I, J, S and T is continuous and if I and J weakly commute with S
and T respectively, then I, J, S and T have a unique common fixed point z
in X.

Proof Let zy be an arbitrary element of X. We define Izo,11 = yont2,
Tx9, = yon and JTo, = Yon+1, STon+1 = Yont+1; 7 = 1,2,... Taking x = zo,41

and y = 2, in (3.2) we have

d (II2n+1, JIan 'LL) S
< a(d(Srant1, Txon,u),d (Stopi1, [2ont1,u) ,d (Txon, JEon, u))

or,
d(Y2n+2, Yon+1,w) < @ (d (Y2n+1, Y2n, 0) s d (Y2n+1, Y2nt2, w) , d (Y2n, Y2nt1, 1)) -
So by axiom (ii) of function a,

d (Y2n+1, Yont2,w) < k.d (Yon, Y2ns1,u) where k € [0,1) (3.3)
Similarly by putting @ = 22,—1 and y = 29, in (3.2) we get

d (Ixanla JxQna U) S
< a(d(Stan—1,Txon,u),d(Ston—1,129n—1,u),d (TTon, Jxon,u))
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or,

d (Y2n, Yon+1,0) < a(d (Yan—1,Y2n, 1), d (Y2n—1,Y2n, 1) , d (Y2n, Y2nt1, 1)) -

So by axiom (ii) of function a,
d (Y2n, Yon+1,u) < k.d (Y2n—1,Yy2n,u) where k € [0,1) (3.4)

So by (3.3) and (3.4) we get

d (Yon+1,Yont2,8) < k- d(Y2n, Yont1,u) < k? - d (Y2n—1,Y2n, ) .

Proceeding in this way

d (Yan+1, Yont2,u) < 2T d (yo, y1,u)
and
d (Yan, Yant1,u) < k> - d (yo,y1,u) .

So in general
A (Yns Yn+1,uw) < K" - d (yo, y1,u) - (3.5)

Then using property (IV) of 2-metric space we get

d (ynv Yn+2, u) S d (y’ru Yn+2, yn—i-l) + d (yna Yn+1, u) + d (yn+1a Yn+2, u)
1

< d(Yns Yn+2, Ynt1) + Z d (Yntrs Yntri1,0) - (3.6)
r=0

Here we consider two possible cases to show that d (yn, Ynt2, Yns+1) = 0.

Case I. n = even = 2m (say)
Therefore

d (Yn, Yn+2: Yn+1) (Y2m> Y2m+2, Y2m+1)

(92m+27 Y2m+1, me)

(Iz2m+1, JT2m, Yom)
d (S2m+1, TT2m, Yom) » d (ST2m+1, [T2m41, Yom) »
Tx2m, JT2m, Yom))

(
(
(d (Y2m+1, Y2ms Y2m) » d (Y2m-+1, Y2m+2, Y2m) »
(
(

IN
O . 0 o & &

Y2m, Y2m+1, yzm))
0,d (Y2m+1, Y2m+2,Y2m) , 0) -

So by axiom (ii) of function a,

d(ynvyn+2ayn+1) = d(y2may2m+2ay2m+1) S k-0=0 wherek € [0, 1)

which implies d (Yn, Yn+2, Yn+1) = 0.
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Case IL. n = odd = 2m + 1 (say)
Therefore

d (Yn, Yn+2, Ynt1) = d(Y2m+1,Y2m+3, Y2m+2)

(y2m+3, Yam+2, y2m+1)

(Jxom+2, ITom+1, Y2m+1)
d (Szom+1, TZom+2, Y2m+1) »

IN

STom+1, ITom+1, Yom+1) » d (TTom+2, JT2m42, Yam+1))

d
d
d
(0%
d
«
d (Y2m+2, Y2m+3, Y2m+1))

@ (0,0,d (Y2m-+2, Y2m+3; Y2m+1)) -

(
(
(d (Y2m+1, Y2m+2: Y2m+1) » A (Y2m+1, Y2m+2, Y2m+1) 5
(
(

Then by axiom (ii) of function «,

d (Yns Yn+2: Ynt+1) = d (Y2m+1, Y2m+3, Y2m+2) <k-0=0 where k € [0, 1)

So in either cases d (yn, Yn+2, Yn+1) = 0. Therefore from (3.6) we have

1
d (ynv yn+2a u) S Z d (yn+ra yn—i-r—i-la u) .
r=0
Proceeding in the same fashion we have for any p > 0,
p—1
d (ynv Yn+p> u) S Z d (yn+r7 Yndr+1, u)
r=0
Then by (3.5) we get

n

md(yo,yl,u)ﬁo asm — 00, p>0andk €[0,1).

d (yna yn—i-pa u) S

Hence {y,} is a Cauchy sequence. Then by completeness of X, {y,} converges
to a point z € X i.e. y, — z € X as n — oo. Since {y,} is a Cauchy sequence
and taking limit as n — oo, we get Ixo, = Txont1 — 2, Jxop—1 = SToy — 2
and also Jxap11 — 2.

Next suppose that S is continuous. Then {STzs,} converges to Sz. Then
by property (IV) of 2-metric space, we have

d(ISxon,Sz,u) < d(ISwaon, Sz, STxen) +d (1Sxan, SIxan, u) +d(STxay, Sz,u)
< d(ISxzapn,Sz,S1xa,) + d (Sxan, [2on,u) + d (STxa,, Sz,u),

since I and S weakly commute.
Letting n — oo, it follows that {ISxs,} converges to Sz. Again by using
(3.2) we have

d (ISIQn, JI2n+1, U) S
< a(d (52, Txani1,u) ,d (Swan, IS0, u) ,d (TT2n41, JToni1,1)) -
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Since « is continuous, taking limit as n — oo we get
d(Sz,z,u) < a(d(Sz, z,u),d(Sz,Sz,u),d(z,z,u))

implies
d(Sz,z,u) < a(d(Sz z,u),0,0).

So by axiom (ii) of function a,
d(Sz,z,u) <k-0=0 which gives Sz = 2. (3.7)
Again using the inequality (3.2) we have
d(Iz,Jxoni1,u) < a(d(Sz, Trant1,u),d(Sz,Iz,u),d (Txont1, Jroni1,u)).
Passing limit as n — oo we get
d(Iz,z,u) <a(d(Sz,z,u),d(z,1z,u),d(z,z,u))

implies

d(Iz,z,u) <a(0,d(z,Iz,u),0).

Then by axiom (ii) of function «,
d(Iz,z,u) <k-0=0 which gives Iz = z. (3.8)

Since I (X) C T (X), there exists a point 2’ € X such that T2’ = z = Iz, so
by (3.2) we have

d(z,Jz  u) =
(d(Sz, T2 u),d(Sz,Iz,u),d(T2', J2' u))
(d(z,2z,u),d(z,2,u),d(z,J2' u))
(0,0,d (2, J2",u)).

IA
2 Q2 o =

So by axiom (ii) of function a,
d(z,J2,u) <k-0=0 which implies J2' = 2.
As J and T weakly commute
d(JTZ,TJZ u) <d(TZ,Jz,u) =0
which gives JT2' = T'Jz' implies
Jz=JT2 =TJz =T-x. (3.9)
Thus from (3.2) we have

d(z,Tz,u) = d(Iz,Jz,u)
< a(d(Sz,Tz,u),d(Sz,Iz,u),d(Tz,Jz,u))

= a(d(z,Tz,u),0,0).
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So by axiom (ii) of function a,
d(z,Tz,u) <k-0=0 which implies Tz = z. (3.10)

So by (3.7),(3.8),(3.9) and (3.10) we conclude that z is a common fixed point of
1,J,5 and T.

For uniqueness, Let w be another common fixed point in X such that
Iz=Jz=82=Tz=2 and ITw=Jw=5Sw=Tw=w.

Then by (3.2) we have

d(w,z,u) = d(Iw, Jz,u)
< a(d(Sw,Tz,u),d(Sw, [w,u),d(Tz,Jz,u))
= a(d(w,z,u),d(w,w,u),d(z,z,u))
= a(d(w,z,u),0,0).

So by axiom (ii) of function a,
d(w,z,u) <k-0=0 which implies w = z.

So uniqueness of z is proved.
The same result holds if any one of I, J and T is continuous. O

Corollary 3.2 Let S, T, I and J be four self mappings of a complete 2-metric
space (X, d) satisfying
I(X)CcT(X) and J(X) C S(X) (3.11)
d(Iz,Jy,u) < c-max{d(Sz,Ty,u),d(Sx, [z,u),d(Ty, Jy,u)} (3.12)
forall z, y, v in X, where 0 < c¢ < 1.

If one of S, T, I and J is continuous and if I and J weakly commute with
S and T respectively, then I, J, S and T have a unique common fixed point z

m X.
This result is a 2-metric analogue of the theorem of B. Fisher [5].
For any f: (X,d) — (X,d) we denote Fy = {x € X: z = f(z)}.
Lemma 3.3 Let I, J, S and T be four self mappings of a complete 2-metric

space (X,d). If the inequality (3.2) holds for a € A and for all x,y,u € X.
Then (FsﬁFT)ﬁF] = (FsﬂFT)ﬂFJ.

Proof Let z € (FsN Fr)N F;. Then by(3.2)
(

d(z,Je,u) = d(Ix,Jx,u)
< a(d(Sz,Tx,u),d(Sz, [z,u),d(Tz, Jz,u))
= «(0,0,d(z, Jz,u)).
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So by axiom (ii) of function a,
d(z,Jx,u) <k-0=0 implies x = Jz.

Thus
(FsNFr)NnF; C (FsNFp)NFy.

Similarly we have
(FsﬁFT)ﬁFJ C (FsﬁFT)ﬂF[

andSO(FsﬂFT)ﬂF[:(FsﬁFT)ﬁFJ O

Theorem 3.4 Let S, T and {I,}
space (X, d) into itself satisfying

nen be mappings from a complete 2-metric

L(X) CcT(X) and I,(X) C S(X). (3.13)

For a € A and for all x,y,u € X,
d(Inz, Int1y,u) < a(d(Sz,Ty,u),d (Sz, Lyx,u) ,d (Ty, Iny1y,uw))  (3.14)
holds for all m € N. If one of S, T, I and Iy is continuous and if I; and

I, weakly commute with S and T respectively, then S, T and {I,,} have a
unique common fized point z in X.

neN

Proof By Theorem 3.1, S, T, I; and I» have a unique common fixed point z
in X. Now z is a unique common fixed point of S, T', I1 and also by Lemma 3.3,
(FsNFr)NFy, = (Fs N Fr)NFy,, z is a common fixed point of S, T, I5. Also
z is unique common fixed point of S, T, I>. If not, let w be another common
fixed point of S, T', I5. Then by (3.14)

d(z,w,u) = d([1z, [bw,u)

(d(Sz,Tw,u),d(Sz,I1z,u),d(Tw, Lhw,u))
(d(z,w,u),d(z,z,u),d(w,w,u))
(d

(z,w,u),0,0).

IN

d
o
o
o

So by axiom (ii) of function a,
d(z,w,u) <k-0=0 implies z = w.

In the similar manner we can show that z is a unique common fixed point of .S,
T and I3. Continuing in this way, we arrive at desired result. O
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