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Abstract

Given a finite additive abelian group G and an integer k, with 3 < k <
|G|, denote by Dy (G) the simple incidence structure whose point-set is G
and whose blocks are the k-subsets C = {c1,c2,...,cx} of G such that
c1+ca+ -+ ek =0. It is known (see [2]) that Di(G) is a 2-design, if G
is an elementary abelian p-group with p a prime divisor of k. From [3] we
know that D3(G) is a 2-design if and only if G is an elementary abelian
3-group. It is also known (see [4]) that G is necessarily an elementary
abelian 2-group, if D4(G) is a 2-design. Here we shall prove that Ds(G)
is a 2-design if and only if G is an elementary abelian 5-group.
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1 Introduction and preliminary results

Let v, k, t, A be positive integers with v > k& > t. By a t—design with parameters
v,k, A (or shortly: a t — (v,k, A) design) one understands a pair D = (P, B)
where P is a finite set with v elements (called points) and B is a set of subsets
of P called blocks such that each block contains k points and any ¢ distinct
points are contained in exactly A common blocks (cf. [1], [5]). We say that a
t — (v, k, \) design D = (P, B) is an additive design, if there are a finite abelian
group G, written additively, and an injective mapping x: P — G with the
property that x(c1) 4+ x(c2) + - -+ x(cx) = 0 whenever C = {c1,ca,...,c,} € B
is a block of D = (P, B) (cf. [2]). For every finite additive abelian group G and
for any integer k € {3,4,...,|G| — 1} we denote by Dy (G) the simple incidence
structure the point-set of which is G and the blocks of which are the k-subsets
C ={ecy,ca,...,c,} of G such that ¢; +c3+- - -+¢ = 0. Note that each 2-design
of the form Dy (G) is an additive 2-design.
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Throughout this paper we shall be concerned only with finite abelian groups,
written additively. If G is such a group, the notation that follows will remain
fixed: |G| is the order of G; (a) is the subgroup of G generated by a € G if
m is a positive integer, mG and G,, are the subgroups of G given by mG =
{mg| g€ G} and G,,, = {g € G| mg=0}; if |G| > 4 and if =,y are distinct
elements of G, N, , denotes the number of pairs {c, C'} where c € G\ {z,y} and
C is a block of D5(G) through {z,y, c}.

We state now some preliminary results.

Lemma 1 IfD5(G) is a2—(|G|, 5, A) design for some X, then Ny, is a constant
(equal to 3)\).

Proof Suppose D5(G) is a 2 — (|G|, 5, \) design for some . Then there are A
blocks of D5(G) through any given two distinct elements x,y € G; on the other
hand, each block of D5(G) through {x,y} contains exactly 3 points distinct from
x,y. Therefore N, , = 3\ and the Lemma 1 is proved. O

Proposition 1 D5(G) is not a 2-design if one of the statements below is true:

1) G is an elementary abelian 2-group;
2) G is direct sum of cyclic groups of order 4;
3) G is direct sum of groups of order 2 and cyclic groups of order 4;

4) G contains just one involution and 2G is an elementary abelian 3-group.

Proof We may assume that G has order greater than 4.

1) Suppose G is an elementary abelian 2-group of order n = 2 > 8. Let
g€G,g#0€ G andlet z € G\ {0,g}. We show that Ng 4, # N, 4, and hence,
by Lemma 1, D5(G) is not a 2-design. There are no blocks of Ds(G) through
{0, 9,2, g+z}, however {0, g, x} may be extended to a block {0, g, z,y,9+z+y}
for every y € G\ {0,9,x,g + x}. Therefore

n—4

N07g = (TL — 2) 9 .

There are no blocks of D5(G) through {g,x,g + x}, however there are "7_4

blocks through {0,g,2} and 5% blocks through {z,g,z} for any given z €
G\ {0,g,x,9 + x}. Therefore

n—4 n—=6

N, +(n—4) 5

r,g — 9
From n # 4 it follows Ny 4 # N, 4 and hence D5(G) is not a 2-design.

2) Suppose G is direct sum of v > 2 cyclic groups of order 4. So G is a
finite abelian group of order n = 4” > 16 and 2G = G5 is an elementary abelian
2-group of order 2¥ > 4.

Let a € G2, a # 0 and let b € G4\ G2. We show that Ny, # Nop and hence,
by Lemma 1, D5(G) is not a 2-design.
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If x € G2\ (a), there are no blocks of D5(G) through {0,a,z,a + z}; if
y € G\ G with 2y # a, any block of D5(G) through {0, a,y} does not intersect
{a —y,—y,a + 2y}. These facts imply:
if g € G with 2g = a, then (g € G\ G2 and) there are 25 blocks of D5(G)
through {0, a, g};
if g € G\ G with 2g # a, there are 5% blocks of D5(G) through {0, a, g};
if g € G2\ (a), there are %‘Gﬂ blocks of D5(G) through {0, a, g}.

Therefore

n—4 n—=6 n—4—1G
+(n—2|G3)) - +(|G2|—2)~%

NO,(L = |G2| .

can be written as

n?>—8n+8

1
Noa =3|Ga| = 5 1Ga* + =

(1.1)
There are no blocks of D5(G) containing the group (b) = {0, b, 2b, —b};
if g € b+ G2 with b # g # —b, there are no blocks of D5(G) through {0,b, g,
—b—g};
if 2b #£ g € G\ b+ Ga, any block of D5(G) through {0,b,9} does not meet
{3b—g,2b—g,2g — b}.
These facts guarantee that:
n=221G21 i5 the number of blocks of Ds(G) through {0,b, —b};

there are 252 blocks of D5(G) through {0, b, 2b};

if g €b+ Gy with b# g # —b, there are "~*71%2I blocks of D5(G) through
{0,0, g};
if g € G with g # 2b # 2g, there are ”T_G blocks of D5(G) through {0,0, g}.

Therefore
n—2—1G n—4 n—4— |G n—=06
Nop = 5 | 2|+ 3 +(|G2|*2)'%+(n*|G2|*Q)' 9
can be written as
3 1 n?—8n+ 14
Nop = 5 |G| — 5" G2l + — s (1.2)

Since |G2| # 2, (1.1) and (1.2) yield No 4 # Nop and hence D5(G) is not a
2-design.

3) Suppose G is direct sum of h > 1 groups of order 2 and v > 1 cyclic
groups of order 4. So G is a finite abelian group of order n = |G| = 2" - 4¥ > 8;
2G is an elementary abelian 2-group of order 2”; G2 is an elementary abelian
2-group of order 2"*" > 4 which admits 2G as a proper subgroup.

Let a € G2\ 2G and let b € 2G, b # 0. We show now that Ny , # Ny, and
hence, by Lemma 1, D5((G) is not a 2-design.

If a # g € a+ 2G, then a + g € 2G and there are no blocks of D5(G) through

{O7a7gaa +g}7
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if 0 # g€ G2\ a+2G, then a + g ¢ 2G and there are no blocks of D5(G)
through {0,a,g,a+ g};
if g € G\ G, then a + g ¢ 2G and any block of D5(G) through {0,a, g} does
not intersect {a — g, —g,a + 2g}.

From these facts we deduce that:
if a # g € a+2G, then "~*7190 is the number of blocks of Ds(G) through
{07 a, g};
if g € G2 with 0 # g ¢ a+ 2G, there are 252 blocks of D5(G) through {0, a, g};

if g € G\ G2, there are 25° blocks of D5(G) through {0,a, g}

Therefore
n—4—1|G n—4 n—=6
Now = (1261~ 1)- "1 gy~ 26— 1)- Pt (= )
which, since |2G| - |G2| = |G| = n, simplifies to
3 n?—9n+8
Now =3 [Gof + =2 0FE (13)

If b = 2g with g € G, then b+ g ¢ 2G and there are no blocks of D5(G) through
{07 bv 9, 79};

if g € 2G'\ {0,b}, then b+ ¢g € 2G and there are no blocks of D5(G) through
{0,b,9,0+ g};

if g € Go\ 2G, then b+ g ¢ 2G and there are no blocks of D5(G) through
{0,6,9,b+ g};

if g € G\ G2 and 2g # b, then b+ g ¢ 2G and any block of D5(G) through
{0,b, g} does not meet {b —g,—g,b+ 2g}.

These facts enable us to conclude that:

if g € G has the property that 2g = b, there are "774 blocks of D5(G) through
{0,0, g};

if g € 2G \ {0,b}, then %@2' is the number of blocks of D5(G) through
{0,b,g};

if g € G2\ 2G, there are "2 blocks of D5(G) through {0,b, g};

if g € G\ G2 with 2g # b, then 5% is the number of blocks of D5(G) through
{0,0, g}

Therefore
Noyp =
n—4 n—4—|G n—4 n—=6
= jeal- 2 ae—2) P2 1GE 6y - e 2 i)
2 2 2 2
which, since |2G| - |G2| = |G| = n, can be rewritten as
n? —9n +8
Nop = 3|Ga| + — (1.4)

Since |G2| # 0, (1.3) and (1.4) give Ny, # Nop and hence D5(G) is not a
2-design.
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4) In this case Gy = {0,a} is a group of order two and a is the unique
involution of G; G can be written as direct sum G = G5 @ 2G and 2G = Gj3 is
an elementary abelian 3-group. If 2G = G5 has order 3, then G is cyclic of order
6 and clearly D5(G) is not a 2-design. Thus we may assume that |2G| = 3™ for
some integer m > 1. Then G has order n = |G| = 2|2G| > 18 and we have:
ifa # ¢ € G\ 2G and = € {2¢g,—g}, there are no blocks of D5(G) through
{0,a,9,2};
if 0 #£ g € 2@G, any block of D5(G) through {0,a, g} does not intersect {a — g,
—g,a— 29}

These facts imply:
if g € G\ 2G with g # a, there are %IGQ‘ = 28 blocks of D5(G) through
{07 a, g};
if g € 2G is not equal to 0 € G, there are "T*G blocks of D5(G) through {0, a, g}.

Therefore

"0 (eq 1) =8

Now = (126 — 1) (15)
Let b € G5, b # 0. Clearly (b # a and) we have:

there are no blocks of D5(G) containing {0, b, —b};

if g € G\2G, any block of D5(G) through {0, b, g} does not intersect {2b—g,b—g,

2b —2g};

if g € 2G\ (b), then b+ g € 2G and any block of D5(G) through {0,b, g} does

not intersect {2b — g,b — g,2b — 2g}.
These facts imply:

if g € G\ 2G, there are "7’6 blocks of D5(G) through {0,b, g};

if g € 2G\ (b), there are %‘Gz’l = 258 blocks of D5(G) through {0,b, g}.
Therefore

n—=~6 n—38

Noo = (n— 2G) - "2 + (261 - 3) - "

which, since 2|2G| = |G| = n, simplifies to
Nop = [2G] - (n —6) +12 — 2n. (1.6)

Since n # 6, (1.5) and (1.6) yield Ny, # Nop and hence Ds(G) is not a
2-design. This last result completes the proof. O

Lemma 2 Let G be a finite additive abelian group of even order n > 4. If there
is a € G such that a ¢ 2G and 2a # 0, then

n? —9n+ 18

Ny—a = ‘G3| + 9

Proof We first note that there are %IGQI blocks of D5 (G) through {a, —a, 0}.
We now discuss five cases.

Case (L. 1. 1): 4a = 0 and |G3| = 1. In this case we have:
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%IGQI is the number of blocks of D5(G) through {a, —a,2a};
if g € 2G with 0 # g # 2a, there are % blocks of D5(G) through
{aa —a, 9}7

if g € G—2G with a # g # —a, there are "56 blocks of D5(G) through

{a,—a,g}.
Therefore
Na7_a:2~%_|G2|+(|2G|—2)~%_‘C¥2|+(n—|2G|—2)-n_ﬁ
which, since 2G| - |G2| = |G| = n and |G3| = 1, can be written as
Nao,—a = |G3| + W

Case (L. 1. 2): 4a = 0 and |G3| # 1. In this case we get:
%IGQI is the number of blocks of D5(G) through {a, —a,2a};
if ¢ € G5 is distinet from 0, there are %‘GQ‘ blocks of D5(G) through
{a‘v —a, g};
if g € 2G\ G5 with g # 2a, there are % blocks of D5(G) through

{CL, —Cl7g};
if g € G\2G with a # g # —a, there are ”Tfﬁ blocks of D5(G) through {a, —a, g}.
Therefore

Na_a:2~n727‘G2‘ 77,747|GQ|
’ 2 2

+(12G] - |Gs] — 1) - =251 4 (n - 2G| - 2) - 250

+(IGs| = 1) -

which, since 2G| - |G2| = |G| = n, simplifies to

n?—9n+ 18

Ny—a = ‘G3| + 9

Case (L. 1. 3): @ has order 6. In this case we have:
if g € {—2a,2a}, then %K;Zl is the number of blocks of D5(G) through
{a,—a,g};
if g € G3\ {0, —2a,2a}, there are % blocks of D5(G) through {a, —a, g};
if g € 2G \ G3, then %@2' is the number of blocks of D5(G) containing
{a,—a,g};
if g € G\ 2G with a # g # —a, there are “5° blocks D5(G) including {a, —a, g}.
Therefore

_9_ 4
Na,—a=3-nfw+(lG3\—3)-nf|G2|

n—6—|Gs n—=6
-f+(n—|2G|—2)- 5

+ (12G] = |G3))
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which, since 2G| - |Gz| = |G| = n, gives

n? —9n + 18

Naqfa: ‘G3|+ 2

Case (L. 1. 4): 4a # 0 # 6a and |G| = 1. In this case we get:
if g € {—2a,2a}, there are %‘Gz’l blocks of D5(G) through {a, —a, g};
if g € 2G\ {0,—2a,2a}, %IGZ" is the number of blocks of D5(G) including

{CL, *Cl,g};
if g € G\ 2G with a # g # —a, “5° is the number of blocks of D5(G) through

{a7 *Cl,g}-
Therefore
n—2— |Gy n—4— |Gy
Ng,—a= 2.
’ 2 + 2
—6— |G -6
+(|2G|—3)."f|2|+(n—|zc:|_2)."

which, since |2G| - |G2| = |G| = n and |G3| = 1, can be rewritten as
29 18
N, _o=|Gs| + w

2

Case (L. 1. 5): 4a # 0 # 6a and |G3| # 1. In this case we obtain:
there are %‘Gﬂ blocks of D5(G) through {a,—a,g} if g € {—2a,2a} or
0#g¢€Gs;
if g € 2G \ G3 with 2a # g # —2a, there are %IC&I blocks of D5(G) through
{CL, 70‘79};
if g € G\ 2G with a # g # —a, “5° is the number of blocks of D5(G) through
{a,—a,g}.

Therefore
n—2— |G2|

2

-4 - |G
F(l6s) + 1)

PO IC g 1

Na,fa =

+ (2G| - |G| = 2) -
which, since |2G| - |G2| = |G| = n, simplifies to

n? —9n+ 18

Na,_a = ‘G3| + 9

The Lemma 2 is proved. g

Proposition 2 D5(G) is not a 2 —design if G is a finite abelian group of even
order n > 4 with the property that 2G = 4G.
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Proof From 2G = 4G it follows G2 = G4 and this requires that the Sylow
2-subgroup of G is an elementary abelian 2-group. Therefore G can be written
as direct sum G = G2 @ 2G and, by Proposition 1, we may assume that 2G
is a finite abelian group of odd order |2G| > 1. Then any z € G of the form
z =x+vy, with z € G5 and y € 2G both distinct from 0, is not equal to —z and
does not belong to 2G. Thus, using Lemma 2 we see that

n? —9n+ 18

N, .=
: |Gs| + 5

(1.7)

Choose a € 2G, a # 0 and let « be the unique element in 2G such that
a = 2c. We shall prove that N, _, # N, _, and hence, by Lemma 1, D5(G) is
not a 2-design. We first note that %@ﬂ is the number of blocks of D5(G)
through {a, —a,0}. We now discuss five cases.

Case (P. 2. 1): |G3] =1 and 5a # 0. In this case we have:
if g € {—2a,2a, —a, a}, there are %IG“’I blocks of D5(G) through {a, —a, g};
if —a# g € G with 29 = —a, then (g € —a + G2 hence) g ¢ 2G and there are
”?*4 blocks of D5(G) through {a, —a, g};
if @ # g € G with 2g = a, then (g € a + G> hence) g ¢ 2G and there are 232
blocks of D5(G) through {a, —a, g};
if g € 2G\{a, —a,0, a, —, 2a, —2a}, there are %IGQ‘ blocks of D5(G) through
{CL, 70‘79};
if g € G\ 2G with —a # 2g # a, there are "T*G blocks of D5(G) through

{CL, _a7g}'
Therefore
n—2-— |Gy n—4— |Gy n—4
Na —a — 4. 2(1Go] — 1) -
, 5 + 5 +2(|G2| = 1) 5
n—6—|G n—=6
—|—(|2G|—7)~%+(n—2-|G2\—|2G|+2)-
which, since |2G| - |G2| = |G| = n and |G3| = 1, can be rewritten as
n? —9n + 18
N, —a = 3|G2| + |G3| + — s

Because |G2| # 0, this equality together with (1.7) gives N, _, # N, _, and
hence D5(G) is not a 2-design.

Case (P. 2. 2): |G5] =1 and a has order 5. In this case we have (o = —2a
and):
if g € {2a,—2a}, there are %‘Gz’l blocks of D5(G) through {a, —a, g};
if 2a # g € G with 2g = —a, then (g € 2a + G2 hence) g ¢ 2G and there are
24 blocks of D5(G) through {a, —a, g};
if —2a # g € G with 2¢g = a, then (g € —2a + G2 hence) g ¢ 2G and there are
24 blocks of D5(G) through {a, —a, g};
if g € 2G \ (a), there are %‘GZ" blocks of D5(G) through {a, —a, g};
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if g € G\ 2G with —a # 2g # a, there are “5% blocks of D5(G) through

{a’v_avg}‘
Therefore
-2—-\|G —4
Nao—a :3.”7|2‘+2.(|G2‘ _1)n
2 2
—-6— |G —6
+(|2G|—5)-%'2'+(n—2-|G2\—|2G|+2)-nT

which, since |2G| - |G2| = |G| = n and |G3| = 1, simplifies to

n? —9n + 18

Na,fa:3|G2|+|G3|+ 2

Since |G| # 0, this equality together with (1.7) gives Ny 4 # N, _, and
hence D5(G) is not a 2-design.

Case (P. 2. 3): |G3| # 1 and a has order 5. In this case we have (a = —2a
and):
if g € {2a, —2a}, there are %‘Ggl blocks of D5(G) through {a, —a, g};
if 2a # g € G with 2g = —a, then (g € 2a + G2 hence) g ¢ 2G and there are
24 blocks of D5(G) through {a, —a, g};
if —2a # g € G with 2¢g = a, then (¢ € —2a + G5 hence) g ¢ 2G and there are
"774 blocks of D5(G) through {a, —a, g};
if 0 # g € G3, then %K;Zl is the number of blocks of D5(G) through
{a,—a,g};
if g € 2G'\ Gy with 2a # g # —2a, there are "~97192! blocks of D5(G) through
{a’v _avg};
if g € G\ 2G with —a # 2g # a, there are 258 blocks of D5(G) through

{aa_avg}'
Therefore
n—2-—1G n—4 n—4—1G
Na,_a:3~%+2~(|02|71)~ +(|G3\71)-%
n—6— |Gy n—=6
+(26] - 16| - 2) - T2 4 (- 216yl oG - 2

which, since 2G| - |G2| = |G| = n, simplifies to

n?—9n+ 18

Na,—a:2|G2|+|G3|+ D)

Since |G| # 0, this equality together with (1.7) gives N, _, # N, _, and
hence D5(G) is not a 2-design.

Case (P. 2. 4): |G3] # 1 and 3a # 0 # 5a. In this case we have:
if g € {2a,—2a, o, —a}, there are %IGQI blocks of D5(G) through {a, —a, g};
if —a # g € G with 29 = —a, then (g € —a + G2 hence) g ¢ 2G and there are
24 blocks of D5(G) through {a, —a, g};
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if « # g € G with 2g = a, then (g € a + G2 hence) g ¢ 2G and there are "7_4
blocks of D5(G) through {a, —a, g};

if 0 # g € G3, there are % blocks of D5(G) through {a, —a,g};

if g € 2G\ G3 and g ¢ {a,—a,a,—a,2a,—2a}, there are %K;Zl blocks of
D5(G) through {a, —a, g};

if g € G\ 2G with —a # 2g # a, there are "% blocks of D5(G) through

{a,—a,g}.
Therefore
Ny o= n—22—|G2| +4'n—42— |Ga| +2-(|G2\—l)-n;4
(s - 1) P a0y gy -6 201
+(n72~\G2|7\2G\+2)~n776
which, since 2G| - |G2| = |G| = n, can be rewritten as
Nor-a = 31Gal + [Gal + =201

Since |G| # 0, this equality together with (1.7) gives N, _, # N, _, and
hence D5(G) is not a 2-design.

Case (P. 2. 5): a € G3. In this case we obtain (o = —a and):
if a # g € G with 29 = —a, then (g € a + G5 hence) g ¢ 2G and there are 232
blocks of D5(G) through {a, —a, g};
if —a # g € G with 2g = a, then (g € —a + G2 hence) g ¢ 2G and there are
24 blocks of D5(G) through {a, —a, g};
if g € G3\ (a), then %WZI is the number of blocks of D5(G) through
{CL, 70‘79};
if g € 2G \ G35, then %‘Gr‘" is the number of blocks of D;5(G) through
{a,—a,g};

if g € G\ 2G with —a # 2g # a, there are "% blocks of D5(G) through

{a7 *Cl,g}-
Therefore
n—2—|G n—4 n—4—|G
Noo = 22219 o0y 1) P 6y - ) P
n—6-1|G n—=6
+(|2G|7|G3|)~%+(n72-\G2|7\2G\+2)~T
which, since 2G| - |Gz| = |G| = n, can be rewritten as

n? —9n + 18
2
This equality together with (1.7) yields |G2| = 2. Such a result and those
obtained from the above cases allow as to conclude that: G has just one invo-
lution and 2G must be an elementary abelian 3-group. Now using Proposition
1 we see that D5(G) is not a 2-design, the Proposition is proved. O

Ny—a = 3|Ga| — 6 + |G3| +
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Lemma 3 Suppose G is a finite abelian group of even order n > 4 in which
G4 # G # G2+ 2G and choose o € G in such a way that « ¢ G2 + 2G, 4a # 0.
Then a = 2« and —a are distinct elements of G and

n? —9n + 18
No—a = 3|G2| + |G| + —

Proof Clearly, from a = 2« it follows a € 2G, 2a # 0, a ¢ 4G, 3a # 0,
5a # 0. We first note that: %IGQI is the number of blocks of D5(G) through
{a,—a,0}; if g € G\ {a, —a, 0}, any block of D5(G) through {a, —a, g} does not
intersect {—a — g,a — g, —2g}. We now discuss five cases.

Case (L. 2. 1): 4a =0 and |G3| = 1. In this case we have:
%IG“’I is the number of blocks of D5(G) through {a, —a,2a};
if g € G and 2g € {a,—a}, then g ¢ 2G and there are “5* blocks of D5(G)
through {a, —a, g};
if g € 2G \ (a), there are %‘GZ" blocks of D5(G) through {a, —a, g};
if g € G\ 2G with —a # 2g # a, there are “5% blocks of D5(G) through
{a,—a,g}.

Therefore

n—2— |Gy n—4
R b1 R SO P IO
5 + |G| 5

n—6—|G n—=6
RN A e B

Na,fa =2

+ (2G| —4) -
which, since |2G| - |G2| = |G| = n and |G3| = 1, yields

2—9n+18
Nay—a = 3(Ga| +Ga| + ————.

Case (L. 2. 2): 4a =0 and |G3| # 1. In this case we have:
%IG“’I is the number of blocks of D5(G) through {a, —a, 2a};
if g € G and 2g € {a,—a}, then g ¢ 2G and there are “5* blocks of D5(G)
through {a, —a, g};
if g € G5 is distinct from 0, there are % blocks of D5(G) through
{CL, _a7g};
if g € 2G'\ G5 does not belong to {(a}, there are %‘Gz’l blocks of D5(G) through
{CL, _a7g};
if g € G\ 2G with —a # 2g # a; there are ";6 blocks of D5(G) through
{aa —Cl7g}~
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Therefore

-2—-|G —4 —-4-|G
Naﬁa:2.”f‘2|+2.|g2|.”2 +(|G3|_1)'nf|2|

n—=~6
2

’I’L—6—‘G2|

+(126] - Gs| - 3) - T

+ (n—2-[Ga| — |2G])

which, since 2G| - |G2| = |G| = n, simplifies to

n?> —9n+ 18

Na77a:3‘G2|+‘G3|+ 2

Case (L. 2. 3): a has order 6. In this case we obtain:
if g € {2a,—2a}, there are %‘Gﬂ blocks of D5(G) through {a, —a, g};
if g € G and 2g € {a,—a}, then g ¢ 2G and there are “5* blocks of D5(G)
through {a, —a, g};
if g € G5\ {0,2a, —2a}, there are % blocks of D5(G) through {a, —a, g};
if g € 2G \ G5 with—a # g # a, there are %@ﬂ blocks of D5(G) through
{a‘v _avg}§

if g € G\ 2G with —a # 2g # a, there are “5% blocks of D5(G) through

{a,—a,g}.
Therefore
—-2—|G —4 —4 -G
Na,—a:3'n7‘2|+2'|G2|'n +(|G’3|73)-n7|2|
2 2 2
n—6— |Gy n—=6

+ (12G] - |G = 2) - + (n—2-1Ga| — |2G]) -

2 2

which, since 2G| - |G2| = |G| = n, yields

n? —9n+ 18

Na77a:3‘G2|+‘G3|+ 2

Case (L. 2. 4): 4a # 0 # 6a and |G3| = 1. In this case we get:
if g € {2a,—2a}, there are % blocks of D5(G) through {a, —a, g};
if g € G and 2g € {—a,a}, then g ¢ 2G and there are 25* blocks of D5(G)
through {a, —a, g};
if g € 2G\ {a,—a,0,—2a,2a}, there are % blocks of D5(G) through
{CL, 70‘79};

if g € G\ 2G with —a # 2g # a, there are 5% blocks of D5(G) through

{a,—a,g}.
Therefore
- 4 4
Na,—a = r |G2| +2 L |G2‘ +2 ‘G2| ' z
2 2
n—6-—|G n—=6
+(120] - 5)- 0l g g - oy
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which, since 2G| - |Gz| = |G| = n and |G3| = 1, yields

2

Nea = 3(Go] +105] + = H 18,
Case (L. 2. 5): 4a # 0 # 6a and |G3| # 1. In this case we deduce:

if g € {2a,—2a}, there are % blocks of D5(G) through {a, —a, g};
if g € G and 2g € {a,—a}, then g ¢ 2G and there are “5* blocks of D5(G)
through {a, —a, g};
if g € G5 is distinct from 0, there are %‘Gz‘ blocks of D5(G) through
{a,—a,g};
if g € 2G\ G3 and g ¢ {a,—a,2a,—2a}, there are %IGQI blocks of D5(G)
through {a, —a, g};
if g € G\ 2G with —a # 2g # a, there are "% blocks of D5(G) through

{a7 *Cl,g}-
Therefore
n—2—|G n—4—|G n—4
Na,faz¢+(\G3|+1)~#+2~|G2|'
2 2 2
n—6—|G n—6
+(026] — 165 - ) 2O gy - e
which, since [2G| - |G2| = |G| = n, yields
n? —9n + 18
No,—a = 3|Ga| + |G| + —
The Lemma 3 is proved. O

Theorem 1 If D5(G) is a 2-design, then n = |G| must be odd integer.

Proof We may assume that G is a finite additive abelian group of order
n = |G| > 4. Suppose n is an even integer: so we must show that D5(G) is not
a 2-design. We discuss five cases.

Case (T. 1): 2g = 0 whenever ¢ € G\ 2G. In this case G must be an
elementary abelian 2-group and hence, by Proposition 1, D5(G) is not a 2-
design.

Case (T. 2): G is an abelian group of exponent 4. In this case either G is
direct sum of cyclic groups of order 4 or G is direct sum of groups of order 2
and cyclic groups of order 4. Then, by Proposition 1, D5(G) is not a 2-design.

Case (T. 3): 2G = 4G. Then Proposition 2 asserts that D5(G) is not a
2-design.

Case (T. 4): 2G # 4G and 4z = 0 for every ¢ G2+2G. Then G must be an

abelian group of exponent 4 and hence, by statements 2) and 3) of Proposition 1,
D5(G) is not a 2-design.
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Case (T. 5): 2G # 4G and G # G4. Then G2 + 2G is a proper subgroup of
G and there is a € G such that o ¢ G + 2G and 4o # 0. Thus a = 20 # —a
and, by Lemma 3, we obtain

n% —9n+ 18

Na,—a = 3‘G2| + ‘G3| + 9

(1.8)
On the other hand, since 2G # 4G implies that G is not an elementary abelian
2-group, there is z € G such that z ¢ 2G and 2z # 0. Then using Lemma 2 we
deduce that
n? —9n + 18
5 .
Since |G3| # 0, combining (1.8) and (1.9) we deduce that N, _, # N, _, and
hence, by Lemma 1, D5(G) is not a 2-design. Now the proof of the theorem is
complete. O

Nz,—z = ‘GS‘ + (19)

2 Main result

Proposition 3 D5(G) is not a 2-design if one of the statements below is true:

1. G is a finite abelian group of odd order n divisible by 3;
2. G 1is a finite abelian group of odd order n not divisible by 5.

Proof
1. Choose a € G3, a # 0. Then clearly we have:
22 is the number of blocks of D5(&) through {a, —a,0};
if g € G3\ (a), there are 52 blocks of D5(G) through {a, —a, g};
if g € G'\ G3, there are "5~ blocks of D5(G) through {a, —a, g}.
Therefore
n—3 n—>5

Na,fa: 9 +(|G3|_3)

-7

n
+(n—|Gsl) - 5

(2.1)

Note that if G is an elementary abelian 3-group, then G = G3 and (2.1) can be
rewritten as 3
n— +(n_3).n—5.
2

Suppose |G5| # 1 and choose a € G5,  # 0. Then we obtain:
if g € {0,2c, —2a}, there are 252 blocks of D5(G) through {a, —a, g};
if 0 # g € G3, there are "7’5 blocks of D5(G) through {a, —a, g};
if g€ G\ Gs and g ¢ {o, —, —2a, 20}, there are 257 blocks of D5(G) through
{047 -, g}-

Therefore

Na,—a = (22)

n—3 n—>5
=+ (1Gs — 1)

Combining (2.1) and (2.3) we deduce that N, _, # N, _o and hence, by
Lemma 1, D5(G) is not a 2-design.

No-oa=3" n-7T

+(n—4—1Gs))

(2.3)
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Suppose |G5| = 1, G3 # G and choose § € G \ G3. Then we find:
2=3 is the number of blocks of D5(G) through {3, —3,0};
if 0 # g € {28, —20}, there are "7_5 blocks of D5(G) through {5, -4, g};
if v € G with 2y = —f, there are "T*E’ blocks of D5(G) through {5, —f,~};
there are ";5 blocks of D5(G) through {5, -, —v};
if 0 # g € G3, there are "7’5 blocks of D5(G) through {8, -5, g};
if g e G\ Gs and g ¢ {B,—5,28,—28,7v,—7}, there are ";7 blocks D5(G)
through {8, -8, g}.
Therefore

-3 n—>5

n n—"17
Npp = "o (1Gal +3) 52 4 (=6 - Gal) -

2

Combining (2.1) and (2.4) we find N, _, # Ng _s and hence, by Lemma 1,
D5(G) is not a 2-design.

We can now assume that G = Gs. Then for any g € G\ (a) there are 257
blocks of D5(G) through {0, a, g}. Therefore

n—3 n—7
NO,a = 9 + (n 3) . 5

Combining (2.2) and (2.5) we find N, _, # No,, and hence, by Lemma 1,
D5(G) is not a 2-design.

2. By 1 we may assume that n and 15 are (odd integers) relatively prime.
Choose = € G, x # 0 and let y, z be elements of G such that 2y = x, 2z = Tz.
Then clearly we have:
2=3 is the number of blocks of D5(G) through the 3-set {x, —x,0};

2

if g € {2z, —2z,y, —y}, there are 25> blocks of D5(G) through {z, —z, g};

if0+#geG\{x,—x,2x,—2x,y,—y}, there are "7_7 blocks of D5(G) through

{Z‘, —x, g} .
Therefore

(2.4)

(2.5)

-3 -5 -7
NL,;E:n2 +4-n2 —|—(n—7)-n .

On the other hand we have:
if g € {6z, 11z, 2}, there are 252 blocks of D5(G) through the 3-set {z, —4x, g};
if g € G\{z, —4x, 6z, 11z, 2}, there are ”TJ blocks of D5 (G) through {z, —4x, g}.

Therefore

(2.6)

—5 -7
Nx,_4x:3-”T+(nf5)~”2 . (2.7)

Combining (2.6) and (2.7) we obtain N, _, # N, _4, and hence, by Lemma 1,
Ds5(G) is not a 2-design. Now the Proposition 3 is proved. O

We can now state our main result.
Theorem 2 D;5(G) is a 2-design if and only if G is an elementary abelian
5-group. When this is so, there are
_lGl=3 (615 (6]-7)
2 6
blocks of D5(G) through any given 2-set {z,y} C G.

A
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Proof Suppose D5(G) is a 2-design. By Theorem 1 and Proposition 3, n = |G|
must be an odd integer multiple of 5 not divisible by 3. Let a € G5, a # 0.
Then we find: if g € (a) with 0 # g # a, then 252 is the number of blocks of
Ds(G) through {0, a,g}; if g € G\ (a), there are 25T blocks of D5(G) through
{0,a, g}

Therefore "3 "

5 +(n-25)- 5

Assume that 5b # 0 for some b € G and let 5 be the unique element in G such
that 28 = 7b. Then (5 € G \ {b, —4b,6b, 11b} and) we obtain:
if g € {60,11b, 5}, then "775 is the number of blocks of D5 (G) through {b, —4b, g};
if g € G\ {b, —4b, 60, 11b, 5}, then "TJ is the number of blocks of D5(G) through
{b, —4b, g}.

Therefore

Noo=3- (2.8)

n—>=5 n—7
Nb,,4b—3~T+(n—5)~T

and thus, since D5(G) is a 2 design, we find (by Lemma 1)

-3 -7 -5 -7
.n2 +(n_5)'n2 :NO,a:Nb,f4b:3'n +(n_5)‘n2

3

and this gives n — 3 = n — 5 a contradiction. Such a contradiction shows that
59 = 0 for all ¢ € G: in other words, G is an elementary abelian 5-group.
Furthermore, from Lemma 1 and equation (2.8) we know that

n—3
2

n—17

3
2

+(n_5) :]\70,<1:3A

from wich it follows that A = |G|T_3 + (|IG] —5) - ‘Glﬁq is the number of blocks

of D5(G) through any given two distinct elements x,y € G.

To finish, assume that G is an elementary abelian 5-group. If we regard G
as a vector space over the field with five elements, then we see that the affine
group Aff(G) acts 2-homogeneously on G and the block-set B of D5(G) may be
written as B = CA@) (ie. B = {C7 | v € Aff(G)} is the Aff(G)-orbit of a
fixed block C' € B). Hence, by [1, Proposition 4.6], D5(G) is a 2-design. The
Theorem is proved. O
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